The Valuation of American-style Swaptions in a Two-factor Spot-Futures Model.
Introduction
Satisfactory models exist for the pricing of interest-rate dependent derivatives in a singlefactor context, where interest rates of various maturities are perfectly correlated. For example, assuming that the short-term interest rate follows a mean-reverting process, Jamshidian 1989 prices options on coupon bonds using an extension of the Vasicek 1977 model. Also, assuming a lognormal process, Black, Derman and Toy 1990 and Black and Karasinski 1991 use a binomial tree of interest rates to price interest-rate derivatives. However, these models, by de nition, are not capable of accurately pricing derivatives, such as swaptions and yield-spread options, whose payo s are sensitive to the shape as well as the level of the term structure. In principle, these options require at least a two-factor model of the interest rate process for pricing and hedging. 1 One promising approach, used extensively in recent work, has been to build multi-factor forward-rate models of the Heath, Jarrow and Morton 1992 HJM type. Since the HJM paper, the required no-arbitrage property o f these models has been well known. However, this approach has some drawbacks for the pricing of swaptions and bond options. Most tractable applications require restrictive assumptions on the volatility structure of the forward rates to ensure that the Markov property is satis ed, and for the resulting model to be computable for realistic examples. Hence, while in principle, the forward-rate approach provides a solution, in practice, it is di cult to implement except for certain special cases. In this paper we present an alternative, no-arbitrage, model based on the London Interbank O er Rate Libor futures. By modeling both the Libor spot and futures rates, we generate a two-dimensional process for the term structure. We assume that the process for Libor is lognormal and that the current term structure of Libor futures is given. We derive the no-arbitrage restrictions for such a model, and then approximate the bivariate lognormal di usion process with a bivariate binomial distribution using a modi cation of the well known Nelson-Ramaswamy 1990 technique. 2 Since we assume that the Libor rate is lognormal and mean reverting, our model can also be seen as an extension of the Black and Karasinski 1991, Brace, Gatarek, and Musiela 1997 BGM and Miltersen, Sandmann and Sondermann 1997 MSS models. We illustrate the model using realistic examples with a large number of time periods. The computational e ciency is achieved through the 1 For a critique of existing methods for the valuation of swaptions see Longsta , Santa-Clara and Schwartz 1999. Of course, one-factor models are adequate for the valuation of European-style options on the shortterm interest rate, such a s i n terest-rate caps and oors.
2 See Nelson and Ramaswamy 1990 and the multivariate generalisation of Ho, Stapleton and Subrahmanyam 1995 use of a two-dimensional recombining lattice of interest rates. 3 We take as given the prices or equivalently, the implied volatilities of European-style interest rate caps and oors for all maturities. The problem, as in Black, Derman and Toy 1990 and Black and Karasinski 1991, is to price European-style, Bermudan-style and American-style swaptions, given the prices of the caps and oors. The computational method introduced to approximate the model builds on previous work by Nelson and Ramaswamy 1990 and Ho, Stapleton and Subrahmanyam 1995 HSS. Nelson and Ramaswamy approximate a single-variable di usion with a 'simple' binomial tree, i.e., a binomial tree with the recombining node property. HSS extend this method to multiple, correlated variables in the case of log-normal di usion processes. In the context of a two-factor interest rate model, preservation of the no-arbitrage condition in a simple bivariate tree requires a modi cation of this methodology. Although in our model the futures premium is contemporaneously independent o f the spot Libor, expectations of subsequent spot rates are determined by the futures rate. In a modi cation of the HSS method, capture this dependence, and hence the no-arbitrage property, in a non-exploding tree structure, by allowing the probabilities of moving up or down to depend upon the outcomes of both the spot and the futures Libor. The outline of the paper is as follows. Section 2 reviews the literature on term-structure models and their relationship to the model developed here. Section 3 presents the spotfutures model, derives its no-arbitrage properties, and discusses its input requirements. Section 4 derives the methodology for approximating the two-dimensional di usion process for the spot Libor. Section 5 establishes the convergence properties of the approximation and presents the results of applying the model to the valuation of Bermudan-style bond options, European-style, Bermudan-style and American-style swaptions. Section 6 concludes with a discussion of the remaining issues of calibration, empirical parameter estimation, and possible extensions of the research.
Term-structure Models
In early attempts to value interest rate options, Brennan and Schwartz 1979 and Courtadon 1982 derive equilibrium models of the term structure along the lines of the Vasicek 1977 model. However, since the contribution of Ho and Lee 1986, it has been recognized that interest rate dependent claims can bepriced within a no-arbitrage model. Hull and White 1994, for example, develop an extended Vasicek model in which i n terest rates, under the risk-neutral measure, are Gaussian, and exactly match the current term structure. Black, Derman and Toy 1990 and Black and Karasinski 1991 develop lognormal di usion models for the short rate that have the same no-arbitrage property. Our model follows this no-arbitrage approach; however, in contrast to previous models, we start with the term structure of futures rates. We show that the no-arbitrage property is satis ed in a model where Libor futures are modelled as a martingale process under the risk-neutral measure. The other di erence is that the resulting spot-futures model is based on two factors. In a no-arbitrage framework, HJM model the evolution of forward rates for various maturities. A similar approach has recently been used in the so-called market model of BGM and MSS. These papers, like this one, model the Libor. Since futures rates and forward rates are closely related, our modelling approach can be compared to these papers. In contrast to these reduced-form models where the behaviour of forward rates is exogenous, our model is a structural-type model, where only the behaviour of the short Libor rate and the premium of the rst futures rate over the short rate is exogenous. Although it is possible to develop multifactor forward rate models in the HJM framework, these often require restrictive assumptions to guarantee the Markov property, and the use of Monte-Carlo simulation. Otherwise, the forward rate models would involve complex iterative calculations. The advantage of our methodology is that it is implementable in seconds, for quite general volatility structure assumptions. A n umber of authors, in particular Hull and White 1994, Balduzzi, Das and Foresi 1998 and Stapleton and Subrahmanyam 1999, have developed two-factor spot-rate models where the second factor is a shock to the conditional mean of the spot rate. Hull and White de ne a general class of such models; however, they only implement certain special cases of the class, where the term structure of volatility is restricted. Our incremental contribution is to implement a model where the Libor is lognormal, as in Stapleton and Subrahmanyam 1999 , and the volatility stucture is general, in contrast to Hull and White. The lognormal models of Black, Derman and Toy 1990 and Black and Karasinski 1991 are perhaps closest to the model developed in this paper. These papers derive recombining, binomial lattices which match yield volatilities and cap-oor volatilities respectively. In a sense, our model can beviewed as a two-factor extension of the Black and Karasinski model. In their model, the local conditional volatilities and the mean reversion of the short rate are given, in addition to the current term structure of zero-coupon bond prices. They build a recombining binomial tree of rates, consistent with this market information, using a technique whereby the length of the time period is changed to accommodate mean reversion and changing local volatilities. Unfortunately, as pointed out by Amin 1991, this 'trick' only works, in general, for a one-factor model. In this paper, we therefore employ the changing probability technique of Nelson and Ramaswamy 1990, extended to multiple variables by HSS. We are thus able to generalise the Black-Karasinski model to two factors whilst maintaining the recombining property. One recent paper that deals with the pricing of American-style and Bermudan-style swaptions is by Longsta , Santa-Clara and Schwartz 1999. Their paper emphasizes the importance of including multiple factors in a pricing model for these claims. Our results support their conclusion. While our analysis only allows for two factors, we are able to price the contingent claims in a much faster, more e cient way, without resorting to the use of Monte-Carlo simulation. 4 In summary, our model uses many features of previous term-structure models. However, the use and modelling of Libor futures in our paper, and the e cient computation that it allows, justi es the introduction of yet another term-structure model into the literature.
The Two-factor Model
In this section, we describe our two-factor model and investigate the implications of the no-arbitrage conditions for the model. We rst discuss brie y the general approach in the lemmas and propositions that follow. Since our approach involves the calibration of the model using observable futures rates, we rst establish the linkage between the spot and futures rates. The key to developing such a link is the observation that in an arbitragefree economy, futures prices are the expectation, under the risk-neutral measure, of the future spot prices. The other relationship we use is the expression for the mean of the spot interest rate process, based on the assumption of lognormality of the spot interest rate. These restrictions allow us to re-formulate the spot rate process in terms of futures rates. Having speci ed the spot-rate process, we then derive the process for the one-period futures rate, using similar methods. The logic of the argument is as follows. First, we show in Lemma 1 that the futures interest rate is the expectation, under the risk-neutral measure, of the future spot interest rate. Since the spot rate is lognormally distributed, the futures rate can be related to the mean and variance of the log spot interest rate. Second, in Lemma 2, the spot interest rate process is expressed in terms of observable parameters by taking the expectation and substituting for the futures rate expressed as the mean of the spot interest rate. Third, in Lemma 3, a cross-sectional relation is derived between futures and spot rates. These results are combined in Proposition 1 with the requirement that forward bond prices are the expectation, under the risk-neutral measure of the future bond prices. Proposition 1 summarises the no-arbitrage requirements of the model.
No-arbitrage properties of the model
As several authors have noted, one way o f i n troducing a second factor into a spot-rate model of the term structure is to assume that, under the risk-neutral measure, the conditional mean of the spot short-term interest rate is stochastic. 5 In this paper, we take a similar approach. We assume that the logarithm of the short-term interest rate follows a discrete process with a stochastic conditional mean.
We de ne the short-term, m-year interest rate, on a Libor basis as r t = 1=B t;t+m , 1 and " t and t are independently distributed, normal, random variables. is a shock to the conditional mean of the process, r t and t are time-dependent constants, and b and c are the mean reversion coe cients of r and respectively. The mean and the unconditional standard deviation of the logarithm of the two factors, r t and t are rt , rt and t , t respectively. We assume that the trading interval is one day, and that the Libor follows the process in 1 under the daily rather than the continuous risk-neutral measure. From here on, we refer to this 'daily' risk-neutral measure as simply the risk-neutral measure. We also assume, without loss of generality, that E t = 1, where the expectation is again taken under the risk-neutral measure. The model in equation 1 is attractive because the second factor is closely related to the futures rate, which is observable. In fact, as we shall show in Appendix A, the futures Libor is the expectation of r t under the risk-neutral measure. Hence, the model lends itself to calibration given market inputs. To see this, we rst derive some of the implications of the process assumed in equation 1, in a no-arbitrage economy. We n o w state and prove a result that is central to the paper. The result is not new, since a similar result is derived by Sundaresan 1991 where the operator var refers to the variance under the risk-neutral measure.
Proof
See Appendix A. Lemma 1 allows us to substitute the futures rate directly for the expected value of the Libor in the process assumed for the spot rate. In particular, the futures rate has a zero drift, under the risk-neutral measure. We n o w use this result to solve for the constant parameters in our interest rate process in 1, i.e., to determine the constants r t and t. We h a v e, Lemma 2 Spot-Libor Process Suppose that the short-term interest rate follows the process in equation 1, under the risk-neutral measure, in a no-arbitrage economy. Then,
In the above equations, d lnr is the change in the logarithm of the short rate, and rt is the instantaneous volatility of the short rate. The second factor, , itself follows a di usion process with mean , mean reversion c and instantaneous volatility t. dz1 and dz2 are standard Brownian motions. If the short rate follows the process in equation 2, it is lognormal over any discrete time period. This is one of the cases considered by Hull and White 1994. Note that the continuous-time process is de ned under the continuous-time risk-neutral measure which is di erent from the 'daily' measure used in this paper. since f 0;t = E 0 r t , 8t, the short rate process can be s p e ci ed as lnr t , lnf 0;t = r t + lnr t,1 , lnf 0;t,1 1 , b + l n t , 1 + " t 3 where ln t = t + l n t , 1 Proof See Appendix B. The result in Lemma 2 is crucial to the implementation of the model developed in this paper, since it de nes the parameters of the two-factor interest rate process in terms of potentially observable quantities. The process for the Libor depends upon the current futures rates and the volatilities of the Libor and of the premium factor. Lemma 2 implies that if the no-arbitrage condition is to be satis ed, the drift of the spot rate process has to re ect the futures Libor at time 0 and the volatilities. This is analogous to the no-arbitrage requirement in the HJM model, where the absence of arbitrage implies that the drift of the forward rate depends on the volatility of the forward rates. In our spot rate lognormal model, the volatilities of the spot rate and of the premium factor play a similar role.
However, the condition used in Lemma 2, that E 0 r t = f 0 ;t , is necessary, but not su cient, for "no-arbitrage" in our spot-futures model. The "no-arbitrage" requirement is much stronger. Proof See Appendix C. Lemma 3 shows that, in a no-arbitrage economy where the spot rate follows 3, the rst futures contract has a rate that follow s a t w o-factor process. The futures rate moves with changes in the spot rate, and in response to the premium factor, . The futures rate is also a ected by the degree of mean reversion in the short rate process. We can interpret the volatility of the premium factor as the part of the volatility of the rst futures rate that is not explained by the spot rate. 7 So far, we h a v e concentrated on the implications of the no-arbitrage condition for the spotrate process and for futures rates. However, any term-structure model must also satisfy the condition that, under the risk-neutral measure, forward bond prices must equal the expected values of the subsequent period's bond price. This condition is therefore included in the following proposition that summarises the no-arbitrage conditions of our model. 1. the spot-Libor process can be written as: lnr t , lnf 0;t = r t + lnr t,1 , lnf 0;t,1 1 , b + l n t , 1 + " t ;
2. the process for the 1-period futures-Libor can be written as: lnf t;t+1 , lnf 0;t+1 = f t +1 + lnr t , lnf 0;t 1 , b + l n t ;
3. zero-coupon bond prices are given by the relation: B s;t = B s;s+1 E s B s+1;t ; 0 s t T :
Proof Parts 1 and 2 of the proposition follow from Lemmas 2, 3. As shown by Pliska 1997, Part 3 is a requirement o f a n y no-arbitrage model.
2
Proposition 1 summarises the conditions that have to be met for the spot-futures model to bearbitrage-free. Also, as noted above, the further implication of Lemma 1, is that the futures rate is a martingale, under the risk-neutral measure. Hence, we can easily calibrate the model to the given term structure of futures rates, and thereby guarantee that the no-arbitrage property holds. Finally, for completeness, we should note that the process followed by the spot and futures rates in this model can be written in di erence form:-Corollary 1 The Bi-Variate Spot-Futures Process The bi-variate process for the spot-Libor and the one-period futures-Libor can be written as lnr t = 0 r t , b lnr t,1 + l n t , 1 + " t lnf t;t+1 = 0 f t + lnr t , lnr t,1 1 , b + l n t , ln t,1 ; 2
The rst part of the corollary shows that the spot rate follows a one dimensional meanreverting process. The second part shows that the 1-period futures rate follows a twodimensional process, depending partly on the change in the spot rate and partly on the change in the premium factor.
Regression Properties of the Model
The two-factor model of the term structure described above has the characteristic that the conditional mean of the short rate is stochastic, as does the Hull and White 1994 model. Since the futures rate directly depends on the conditional mean, there is an imperfect correlation between the short rate and the futures rate. In this section, we establish the regression properties of the model, using the covariances of the short rate and premium process. These properties are required as inputs for the construction of a binomial approximation model of the term structure. In the following proposition, we denote the covariance of the logarithm of the short rate and the premium factor as rt;t . The process assumed in Lemma 2 has the following properties: Note that we require the multiple regression coe cients rt ; r t ; and rt in order to build the binomial approximation of the multi-variate process, using our modi cation of the method of Ho, Stapleton and Subrahmanyam 1995. From Part 1 o f the proposition, the r coe cients simply re ect the mean-reversion of the short rate. The r coe cients are all unity, re ecting the one-to-one relationship between , the futures premium factor and the expected spot rate. The r coe cients re ect the drift of the lognormal distribution, which depends on the variances of the variables. Part 2 of the proposition shows that the regression relation for t is a simple regression, where the coe cients re ect the constant mean reversion of the premium factor. Lastly, P art 3 of the proposition gives an expression for the conditional variance of the logarithm of the short rate.
Determining the Volatility Inputs of the Model
In order to build the model outlined above, we need the parameters of the premium process, as well as those for the short rate process itself. The result in Proposition 2, part 3 gives the relationship of the conditional volatility of the short rate to the unconditional volatilities of the short rate, the volatility of the premium factor, and the mean reversion of the short rate. We assume that the unconditional volatilities of the short rate are given, for example, observable from caplet oorlet volatilities, and that the mean reversion is also given. The premium process, t , on the other hand, determines the extent to which the rst futures rate di ers from the spot rate in the model. Note that it is the rst futures rate that is relevant, since it is this futures rate that determines the expectation of the subsequent s p o t rate, in the model. Since the premium factor is not directly observable, we need to be able to estimate the mean and volatility of the premium factor from the behavior of futures rates. In order to discuss this, we rst establish the following general result:
Lemma See Appendix E. Lemma 4 relates the volatility of the premium factor to the volatility of the conditional expectation of the short rate. To apply this in the current context, we rst assume that the short rate follows the process assumed in the lemma under the risk-neutral process. We then use the fact that the unconditional expectation of the t + 1 th rate is f t;1 = E t r t+1 , i.e., the rst futures or forward rate is the expected value of the next period spot rate. This implication of no-arbitrage leads to lnf t;1 = r t+1 + lnr t , rt 1 , b + l n t , 1 Hence, the volatility of the premium factor is potentially observable from the volatility of the rst futures rate. This, in turn, could be estimated empirically or implied from the prices of options on the Libor futures rate.
The Multivariate-Binomial Approximation of the Process
In order to implement the model with a binomial approximation, we need to construct a recombining lattice for the spot rate, r t , and the futures rate, f t;t+1 . A n umber of methods have been suggested in the literature. For example, Hull and White 1994 use a trinomial tree, but they assume a special case of non-time-dependent v olatility, which is not realistic, in general. Amin 1991 and Black and Karasinski 1991 rede ne the time interval between points on the grid to cope with changing local volatility. However, as noted by Amin 1991, this technique only works in the univariate case, or when the volatility functions and mean reversions are the same for each v ariable. In his multivariate implementation, Amin 1991 assumes time-independent v olatilities. Nelson and Ramaswamy 1990 use a transformation of the process and state-dependent probabilities, to approximate a univariate di usion. In an extension to multivariate di usions, and in the special case, relevant here, of lognormal di usions, Ho, Stapleton and Subrahmanyam 1995 use the regression properties of the multivariate di usion to compute the appropriate probabilities of up-moves on the multivariate binomial tree. This allows them to capture both the time series and cross-sectional properties of the process. In this section we use a modi cation of their methodology.
The HSS approximation
The general approach w e take to building a bivariate-binomial lattice, representing a discrete approximation of the process in equation 2, is to construct two separate recombining binomial trees for the short-term interest rate and the futures-premium factors. The noarbitrage property and the covariance characteristics of the model are then captured by choosing the conditional probabilities at each node of the tree. The recombining nature of the bi-variate tree is illustrated in Figure 1 for a two-period example and in Figure 2 for a three-period example. As shown in the gures, there are two possible outcomes emanating from each node. However, since the tree is required to recombine, it does not result in an explosive state space. We n o w outline our method for approximating the two-factor process interest rate process, described above. We use three types of inputs: rst, the unconditional means of the shortterm rate, E 0 r t , t = 1 ; :::; T, second, the volatilities of " t , i.e., the conditional volatility o f the short rate, given the previous short rate and the previous futures rate, denoted by r t, and the conditional volatilities of the premium, denoted by t, and third, estimates of the mean reversion of the short rate, b, and the mean reversion, of the premium factor, c. The process in 3 is then approximated using an adaptation of the methodology described in Ho, Stapleton and Subrahmanyam 1995 HSS. HSS show h o w to construct a multiperiod multivariate-binomial approximation to a joint-lognormal distribution of M variables with a recombining binomial lattice. However, in the present case, we need to modify the procedure, allowing the expected value of the interest rate variable to depend upon the premium factor. That is, we need to model the two v ariables r t and t , where r t depends upon t,1 .
Furthermore, in the present context, we need to implement a multiperiod process for the evolution of the interest rate, whereas HSS only implement a t w o-period example of their method. In this section, these modi cations and the resulting multiperiod algorithm are presented in detail.
We divide the total time period into T periods of equal length of m years, where m is the maturity period, in years, of the short-term interest rate. Over each of the periods from t to t + 1 , w e denote the number of binomial time steps, termed the binomial density, b y n t . Note that, in the HSS method, n t can vary with t allowing the binomial tree to have a ner density, if required for accurate pricing, over a speci ed period. This might be required, for example, if the option exercise price changes between two dates, increasing the likelihood of the option being exercised, or for pricing barrier options. We use the following result, adapted from HSS: Proposition 3 Approximation of a Two-factor Lagged Di usion Process Suppose that X t ; Y t follows a joint lognormal process, where E 0 X t = 1 ; E 0 Y t = 1 8 t , and where E t,1 x t = a x + bx t,1 + y t,1 E t,1 y t = a y + cy t,1 :
Let the conditional logarithmic standard deviation of Z t be z t for Z = X;Y. If 
Computing the conditional probabilities
In general, as in Hull and White 1994, the covariance of the two approximated di usions may be captured by v arying the conditional probabilities in the binomial process. Since the trees of the rates and the futures premium are both recombining, the time-series properties of each v ariable must also be captured by adjusting the conditional probabilities of moving up or down the tree, as in HSS and in Nelson and Ramaswamy 1990. Since, increments in the premium variable are independent o f r t , this is the simplest variable to deal with. Using the results of Proposition 2, we compute the conditional probability using HSS, equation 10 . In this case the probability of a up-move, given that t,1 is at node j, i s q t = t + t ln t,1;j , N t,1 , jlnu t , j + n t lnd t n t lnu t , lnd t 10 where t = 1 , c t = , The key step in the computation is to x the conditional probability of an up-movement i n the rate r t , given the outcome of r t,1 , the mean reversion of r, and the value of the premium factor t,1 . In discussing the multiperiod, multi-factor case, HSS present the formula for the conditional probability when a variable x 2 depends upon x 1 and a contemporaneous variable, y 2 . Again using the regression properties derived in Proposition 2, and adjusting HSS, equation 13 Then, by Proposition 3, the process converges to a process with the given mean and variance inputs.
The multiperiod algorithm
HSS1995 provide the equations for the computation of the nodal values of the variables, and the associated conditional probabilities, in the case of two periods t and t + 1 . E cient implementation requires the following procedure for the building of the T period tree. The method is based on forward induction. First, compute the tree for the case where t=1.
This gives the nodal values of the variables and the conditional probabilities, for the rst two periods. Then, treat the rst two periods as one new period, but with a binomial density equal to the sum of the rst two binomial densities. The computations are carried out for period three nodal values and conditional probabilities. Note that the equations for the up-movements and down-movements of the variables always require the conditional volatilities of the variables in order to compute the vectors of nodal values. The following steps are implemented:
1. Using equation 9, compute the n 1 x 1 dimensional vectors of the nodal outcomes of r 1 , 1 with inputs r 1, Er 1 , 1, E 1 and binomial density n 1 . Also, compute the n 1 + n 2 x 1 dimensional vectors r 2 , 2 using inputs r 2, Er 2 , 2, E 2 and binomial density n 2 . Assume the probability of an up-move i n r 1 is 0.5 and then compute the conditional probabilities q 1 using equation 10 with t=1. Then, compute the conditional probabilities q r 2 , q 2 , using equations 10 and 11, with t=2. 2. Using equation 9, compute the N 2 + n 3 x 1 dimensional vectors r 3 , 3 using inputs r 3, Er 3 , r 3, Er 3 and binomial density, n 3 . Then, compute the conditional probabilities q r 3 , q 3 using equations 10 and 11 with t=3.
3. Continue the procedure until the nal period T. In implementing the above procedure, we rst complete step 1, using t = 1 and t = 2, and with the given binomial densities n 1 and n 2 . To e ect step 2, we then rede ne the period from t = 0 to t = 2 as period 1 and the period 3 as period 2 and re-run the procedure with a binomial densities n 1 = n 1 + n 2 and n 2 = n 3 . This algorithm allows the multiperiod lattice to be built by repeated application of equations 9, 10 and 11.
A summary of the approximation method
We will summarize the methodology by using a two-period and a three-period example. Figure 1 shows the recombining nodes for the two-factor process in the two-period case.
The interest rate goes up to r 1;0 or down to r 1;1 at t = 1 . The futures premium factor goes up to 1;0 or down to 1;1 at t = 1, with probability q 1 . In the second period, there are just three nodes of the interest rate tree, together with three possible premium factor values.
There are nine possible states, and the probability o f a n r 2 v alue materialising is q r 2 . Note that this probability depends on the level of the premium factor and of the interest rate at time t = 1 . The recombining property of the lattice, which is crucial for its computability, is emphasised in Figure 2 , where we show the process for the interest rate over periods t = 2 and t = 3 . After two periods, there are three interest rate states and nine states representing all the possible combinations of the interest rate and premium factor. The interest rate then goes to four possible states at time t = 3 and there are sixteen states representing all the possible combinations of rates and premium factor. Note that the probability o f reaching an interest rate at t = 3 depends on both the interest rate and the premium factor at t = 2 .
These are the probabilities that allow the no-arbitrage property of the model to be ful lled.
In the model, the term structure at time t is determined by the two factors, one representing the short rate and the premium factor. Thus, with a binomial density o f n = 1 , there are t + 1 2 term structures generated by the binomial approximation, at time t.
Model Validation and Examples of Inputs and Outputs
This section documents the results from several numerical examples based on the twofactor term structure model described in previous sections. First, we show an example of how well the binomial approximation converges to the mean and unconditional volatility inputs, illustrating the accuracy of our methodology. Second, we show that a two-factor term structure model can be implemented in a speedy and e cient manner. Third, we discuss the input and output for an eight-period example, showing the illustrative output of zero-coupon bond prices, and conditional volatilities. Finally, we present the output from running a forty-eight quarter model, including the pricing of European-style, Bermudanstyle and American-style swaptions.
In the numerical examples that follow, we c hoose a period length of three months. This is convenient for two reasons. First, we can model three-month Libor and then compute the corresponding maturity bond prices up to a given horizon without the added complexity of overlapping periods. Also, it enables the computational time to bereduced compared to a daily time interval model. However, changing the time interval does introduce one approximation. Theoretically, w e need to use futures prices from contracts that are markedto-market at the same periodicity as the time interval in the model; otherwise, lemma 1 does not strictly apply. However, only daily marked-to-market prices are widely available.
In calibrating the three-month period model to market data, a convexity adjustment m a y be required to adjust futures prices from a daily to a quarterly marked-to-market basis. In practice, this adjustment i s l i k ely to be very small, especially compared with the problems of obtaining long-maturity futures prices. 8 
Convergence of Model Statistics to Exogenous Data Inputs
The rst test of the two-factor model is how quickly the mean and variance of the short rates generated converge to the exogenous input data. Table 1 shows an example of a twentyperiod model, where the input mean of the spot rate is 5 p.a., with a 10 conditional volatility. There is no mean reversion and the premium has a volatility of 1. Note rst that for a binomial density of 1, the accuracy of the binomial approximation deteriorates for later periods. This is due to the premium factor increasing with maturity and the di culty of coping with the increased premium by adjusting the conditional probabilities. One way to increase the accuracy of the approximation is to increase the binomial density.
In the last three columns of the table we show the e ect of increasing the binomial density to 2, 3, and 4 respectively. By comparing di erent binomial densities in a given row of the table we observe the convergence of the binomial approximation to the exogenous inputs as the density increases. Even for the 20-period case, high accuracy is achieved by increasing the binomial density t o 4 . 
Computing Time
Apart from the accuracy of the model, the most important feature of the methodology for implementing a two-factor model proposed in this paper is the computation time. It goes without saying that with two stochastic factors rather than one, the computation time can easily increase dramatically. In Table 2 , we illustrate the e ciency of our model by showing the time taken to compute the zero-coupon bond prices and option prices. With a binomial density of one, the 48-period model takes 4:8 seconds and the 72-period model takes 17.2 seconds. Doubling the numberof periods increases the computer time by a factor of six.
There is clearly a trade-o between the numberof periods, the binomial density of each period, and the computation time for the model. This is illustrated by the second line in the table, showing the e ect of using a binomial density of two. Again the computation time increases more than proportionately as the density increases. The time taken for the 24-period model, when the binomial density is two, is roughly the same as that for the 48-period model with a density of one. This subsection shows a numerical example of the input and output of the two-factor term structure model, in a simpli ed eight-quarter example. It illustrates the large amount of data produced by the model, even in this small scale case, with just eight periods and a binomial density of one. The input is shown in Table 3 . We assume a rising curve of futures rates, starting at 5p.a. and increasing to 6p.a.. These values are used to x the means of the short rate for the various periods. The second row shows the conditional volatilities assumed for the short rate. These start at 14 and fall through time to 12. We then assume a constant mean reversion of the short rate, of 10, and constant conditional volatilities and mean reversion of the premium factor, of 2 and 40 respectively. While this example shows the exibility of the model in coping with varying inputs, in more realistic examples the number of periods would be greater, the binomial density could change and the parameters might v ary even more over di erent time periods. Table 3 here Tables 4 and 5 show a selection of the basic output of the model. For a binomial density o f one, there are four states at time 1, nine states at time 2, sixteen states at time 3, and so on.
In each state the model computes the whole term structure of zero-bond prices, using the no-arbitrage bond condition in Proposition 1, part 3. In Table 4 , we show just the longest bond price, paying one unit at period eight. These are shown for the four states at time 1, in the rst block of the table. The subsequent blocks show the nine prices at time 2, the sixteen prices at time 3, and so on. Table 4 here
One of the most important features of the methodology is the way that the no-arbitrage property is preserved, by adjusting the conditional probabilities at each node in the tree of rates. In Table 5 , we show the probability of an up-move in the interest rate given a state, where the state is de ned by the short rate and the premium factor. In the rst block of the table is the set of probabilities conditional on being in one of four possible states at time 1. The second block shows the conditional probabilities at time 2, in the nine possible states, and so on. 
An Example of a Payer Swaption
An important application of the model is to price and hedge contingent claims such as options with American and path-dependent features. A good example is a pay-xed, receiveoating swaption, referred to as a payer swaption, since its value depends upon the possible movement of several interest rates over time. 9 We illustrate our methodology by pricing European, Bermudan and American swaptions, and compare these prices with those produced by models with fewer parameters, such as a one-factor model, and a two-factor model 9 The swap rate is computed using the standard de nition st;n;m = 1 , Bt;t+n Bt;t+1 + Bt;t+2 + ::: + Bt;t+n m ; where st;n;m is the swap rate for a n year, m-month, swap at time t. The swaption payo s are computed from max st;n;m , k;0 , where k is the strike rate.
with no mean reversion for one of the factors. The Bermudan-style option has the feature that it is exercisable at the end of each year up to the option maturity in year ve. The American-style option is exercisable at the end of any quarter over the same period. The European-style swaptions are one-year options on one-year to ve-year swaps. Note that the model uses twenty-four quarterly time periods, to cover the six-year life of the bond. Table  6 shows the values of European, Bermudan and American swaptions at di ering depths-inthe-money, for four di erent models. The two-factor model is the one where the current Libor is 5, all the futures rates are 5, and with constant cap volatility of 15, the coefcient of mean reversion of the short rate is 20, and volatility of the premium is 3 with a 30 coe cient of mean reversion. All rates are on an annualised basis. The one-factor model is the same model without the premium factor. The third model is the two-factor model without mean reversion of the short rate, and the nal model is the two-factor model without mean reversion of the premium factor. Table 6 here Table 6 shows that the Bermudan and American options are worth considerably more than the European one-year option on a ve-year swap. The table also shows that using restricted models to price these options can produce incorrect prices for all options across di erent depths-in-the-money. However, the errors for in-the-money and out-of-the-money options are much smaller than those for at-the-money options options. For example, the one-factor model prices the option on the one-year swap, exercisable once in one years' time at 27 basis points, when the strike rate is at-the-money 5, compared to the two-factor model's price of 31 basis points. In-the-money and out-of-the-money prices vary little from those produced by the two-factor model for this swaption. However, as the term of the swap increases, the errors grow larger. In-the-money swaption prices produced by the model with no mean reversion of the short rate produce similar results to the complete two-factor model. The at-the-money and out-of-the-money prices reveal larger errors. Out-of-themoney prices produced by the last model, which omits mean reversion of the premium, are similar to those from the complete model, although the errors appear to increase for increasing depths-in-the-money.
Conclusions
In this paper we h a v e presented a model of the term structure of interest rates which can be regarded as a two-factor extension of the Black-Karasinski lognormal-rate model. However, in this model, we assume that the short-term Libor follows a lognormal process. We have shown that, by calibrating to the current term structure of futures rates, the model is arbitrage-free in the sense of Ho and Lee 1986 and Pliska 1997. The model has been implemented by using a multivariate-binomial tree approach. By extending previous work of Nelson and Ramaswamy 1990 and Ho, Stapleton and Subrahmanyam 1995, we h a v e developed a recombining bivariate-binomial tree, which has a non-exploding number of nodes. We h a v e applied the model to the valuation of European-style, American-style and Bermudanstyle payer swaptions. We h a v e shown that prices are computable in seconds, for examples with a realistic number of periods. Also, prices in the two-factor model exceed those in the one-factor model, calibrated to the same data. A numberof related research issues remain to beresolved in future work. First, the relationship between the Hull-White, Black-Karasinski type model developed here and the Heath-Jarrow-Morton multifactor model needs to be explored further. Speci cally, w e can generate forward-rate volatilities as outputs of our model in an extension of the analysis in the paper. Second, it is not clear to what extent a two-factor model, as opposed to a one-factor model, is necessary for the accurate valuation of speci c interest-rate related contingent claims. The properties of two-factor models need to be further examined by applying them to a range of American-style, Bermudan-style and exotic options on bonds and interest rates. Third, the application of models of this type to derive risk management measures for interest-rate dependent claims should be studied further. One important further extension of the model would apply to the pricing of credit derivatives. The pricing of options on defaultable bonds, for example, would ideally require the modelling of a two-factor risk-free rate process and a credit spread. Given the e ciency of the two-factor model presented here, it should be possible to approximate such a threefactor model, at least for a limited numberof time periods. This is a subject for further research. 
@ @ @ @ R 1 P P P P P P P P P q 1 P P P P P P P P P q P P P P P P P P P q 1 , , , The numbers in the table are the computed means and volatilities, in percent, for the short rate over periods 1,2,3,4,5,10, and 20, using the output of the two-factor model. The means are calculated using the possible outcomes and the nodal probabilities. The volatilities are the annualized standard deviations of the logarithm of the short rate. The binomial density refers to the grid size of the binomial tree of the short rate and the premium factor, over each sub interval. The input parameters in this case are a constant mean of 5 for each period, and conditional volatility of 10 with no mean reversion of the short rate. The premium factor has a volatility of 1, a mean of 1, and no mean reversion. The table shows the time taken to compute all the zero-bond prices, swaption prices, given the tree of rates for di erent levels of binomial density, for di erent n umbers of periods. The computer speed is 550 MHZ, and the processor is Pentium III. All numbers are in percent o n a n a n n ualized basis. The table shows the exogenous data input for an 8-period example, with a binomial density o f 1 . The short rate is the quarterly rate, so the period length is quarter of one year. Input data relating to the short rate appears in the rst three rows; data relating to the premium appear in the last two r o ws. In this example the binomial density i s 1 . All the probabilities are conditional probabilities of an up-move in the interest rate, given the short rate and the premium factor. The rst set of 4 numbers are the probabilities at time 1, the second set of 9 numbers are the conditional probabilities at time 2, through to the time 5 set of 36 conditional probabilities. The 49 probabilities at time 6, and the 64 probabilities at time 7, are not presented for reasons of space. In each case the columns show the probabilities for di erent increasing to the right values of the short rate. The rows show the values increasing downwards for di erent v alues of the premium factor. The above table shows the values of European, Bermurdan and American swaptions at di ering levels of moneyness, for 4 di erent models. The European swaptions are 1 year options on 1 to 5 year swaps. The Bermudan swaption is exercisable yearly for 5 years on a 6 year underlying bond, and the American swaption is exercisable quarterly for 5 years on the same bond. The 2-factor model is the model where the short rate of the bond is 5, futures rate of 5 for each maturity, a cap volatility of 15, a coe cient of mean reversion of the short rate of 20, and volatility of the premium at 3 with 30 coe cient of mean reversion. The one factor model is the same model without the premium factor. The third model is the 2-factor model without mean reversion of the short rate, and the nal model is the 2-factor model without mean reversion of the premium factor. The swap rate is computed using s t;n;m = 1 , B t;t+n B t;t+1 + B t;t+2 + ::: + B t;t+n m where s t;n;m is the swap rate for a n year, m-month, swap at time t. The swaption payo s are computed from max s t;n;m , k;0 , where k is the strike rate. 
